The calculation of a one-dimensional quantum harmonic oscillator propagator using the path integral has been reconsidered for more simplicity and more pedagogical significance. We focus on the evaluation of a determinant resulting from the action integral in the discretized form of the path integral. As a consequence we can make the commonly accepted calculations in the literature simpler and clearer.
Introduction
As is well known, the brilliant accomplishment of the path integral ranks as one of the most significant findings in the domain of modern quantum physics. Nowadays it is important for students majoring in physics to master the path integral in quantum theory. However, there are only a few familiar problems that can be solved rigorously by using the path integral. The one-dimensional harmonic oscillator problem is one of them. We come across it during the early stages of learning about the path integral. The solutions [1] [2] [3] [4] [5] [6] [7] [8] [9] and [10] 1 for this problem are available in textbooks and journals and online. As for this problem, we now refer to three solutions. The first is a solution by Itykson and Zuber [2] , the second is Das's solution [3] , and the third is by Cohen [4] . In their approaches they make use of the diagonalization of the symmetric matrix resulting from the action integral and focus on the evaluation of its determinant.
Although our calculation may not bring any additional physical insight to the harmonic oscillator problem in the frame of the path integral, in this paper we try to simplify the path integral calculation for a quantum harmonic oscillator. Our calculations for the modification consist mainly of the simple evaluation of a determinant and may bring interesting technical simplifications to the ordinary calculations. We believe that our approach may make calculations seem simpler and more pedagogical to those novice students starting to learn other quantum mechanics methods. 
Formulation for the quantum harmonic oscillator propagator
As is well known, according to the discretization recipe for the Feynman path integral, the harmonic oscillator propagator K(x , x) from the position x at the time t to the position x at the time t is given as in Cohen's paper [4] , with the harmonic oscillator Lagrangian
where we divide the time interval T = t −t into N intervals of width ε each such that ε = T/N and we denote
is defined by corresponding every t j ( j = 0, . . . , N) to x j = x(t j ) with x(t 0 ) = x and x(t N ) = x fixed, thereby we get a possible path by joining the successive points (x j , t j ) on the x−t plane with the segments. The argument of the exponential contains the quadratic form
where we may write, Q = x T A x. Here
is the transpose of x, and
Now we find a transformation of variables,
such that
where is a diagonal matrix, such that i j = λ j δ i j , and O is orthogonal since A is symmetrical and real. We can easily show the following properties for A and :
Then we may rewrite
Completing the squares,
where we have used equation (9) to get the last line. Here, we change the variables once again to
yielding
Since O is orthogonal, det O = 1, and the Jacobian of both transformations equations (5) and (12) is unity. Hence, in the multiple integral equation (1), along with the transformation of variables, we have the replacement
We obtain
where to get the last line we have used the well known Gaussian integral
along with equation (7).
Simple evaluation of the determinants and recursion relations
We shall denote the determinant of the following type matrix with n rows and n columns as det A n+1 :
If we expand this determinant along the first row, we obtain the recursion relations
where we set det A 0 = 0 and det A 1 = 1. Here, to solve this recursion relations for det A n , we deform this equation with the constants α and β as
Now by comparing equation (17) with equation (18) we must have
From these equations α and β turn out to be the solutions of
From equation (18) we find successive equations
Then we obtain with det A 0 = 0 and det
Swapping α for β in equation (18), similarly we also obtain
If α = β, we obtain from these two equations
Note that, from equation (20)
where we set
Then, if we adopt β = e iφ and α = e −iφ , by equation (23) we obtain an important equation
From this expression, we obtain the determinant of the matrix A previously defined by equation (4) det
Next, we compute the relevant matrix elements of A −1 in equation (15). We denote the cofactor of the (i, j) element of matrix A as D i, j , which is the product of ( −1) i+ j and the determinant of the submatrix formed by deleting the ith row and jth column from the matrix A. Thanks to equation (27),
Exact propagator for N discrete time intervals
Using the above results of equations (28)- (31), we can obtain the propagator for any number N of partitions of the time interval T . From equation (15), we obtain
where to get the last line, we have used the fact that for large N
Finally, we can reproduce the exact harmonic oscillator propagator.
Concluding remarks
As you can see from our calculations, our analytical approach is relatively simple and straightforward, and our calculation is done in a concise manner. The essential point of this paper lies in the simple computations for the determinant equation (16), which yields equation (27). Moreover, it is an advantage of our technique that we can compute the relevant matrix elements of A −1 in equation (15) very easily thanks to equation (27) . We emphasize that our technique is simple and clear, and we believe that almost all undergraduates could follow our approach easily with elementary mathematical manipulations. Our approach may also be of interest to instructors wishing to introduce the path integral into their courses.
